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Abstract
In this note we present some computational tools to aide in the determination of Macaulay inverses of Hilbert ideals of finite
groups and related ideals.
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MSC: 13A15; 13A50
Let ρ : G ↪→ GL(n,F) be a representation of a finite group G over the field F such that the algebra of coinvariants
F[V ]G is a Poincare´ duality algebra. This means that there is an integer d called the formal dimension of F[V ]G such
that the homogeneous component of F[V ]G of degree d is one-dimensional, all homogeneous components of degree
strictly greater than d are zero, and the pairing between elements of degree i and d − i , for 0 ≤ i ≤ d given by
multiplication into the homogeneous component of degree d is nonsingular, i.e., a form f ∈ F[V ]G of degree i is
zero if and only if f · h = 0 for every form h of degree d − i . This is the case if the algebra of invariants F[V ]G is a
polynomial algebra, but can also happen in other cases, see e.g., [9].
It is an open problem in the modular case to determine necessary and sufficient conditions that F[V ]G be a Poincare´
duality algebra: the case of finite fields has been completed by Lin [3] based on the work of Steinberg [11] in the
complex case. If F[V ]G is a Poincare´ duality algebra then the Hilbert ideal, i.e., the ideal in F[V ] generated by the
G-invariant homogeneous forms of strictly positive degree, is irreducible (see e.g., [6] Lemma I.1.3), i.e., it cannot
be written as an intersection of proper over ideals. In [5] Macaulay developed a mechanism for studying irreducible
ideals in polynomial rings (see also [4]): a modernized version of this theory appears in [6].
Macaulay’s theory may be interpreted as associating to an ideal I ⊂ F[V ] an annihilator, denoted by I−1, in a
natural module associated to F[V ]. In the case I is irreducible and primary for the maximal ideal, I−1 turns out to
have a single generator, called a Macaulay inverse for I . In this manuscript, which is extracted from [2], we compute
Macaulay inverses for several standard examples, namely the Hilbert ideals of Σn , GL(n,Fq) for q = pν a prime
power, and its unipotent subgroup in their natural representations. For an interesting application of the computation
for the symmetric group see [9]. Other applications, particularly computations involving Frobenius powers and their
applications, appear in [6] Parts IV–VI, [10] and [2].
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In the first section we reviewMacaulay’s theory following [6]. In the second section we develop variations on some
of the tools of [6] Part II, but in the language of [6] Part VI and apply them to make the some computations.
1. What are Macaulay duals?
The following presentation of Macaulay inverses (also called Macaulay duals) follows closely that of [6], Part II
and Part VI concentrating on those points necessary for the results contained here.
Fix a ground field F and let V = Fn be the n-dimensional vector space over F. Denote by F[V ] the graded algebra1
of polynomial functions on V . This is just the symmetric algebra on the dual vector space V ∗ of V where the elements
of V ∗ have all been assigned degree 1. If z1, . . . , zn ∈ V ∗ is a basis then we may identify F[V ] with F[z1, . . . , zn]
in the usual manner. Let F[z−11 , . . . , z−1n ] denote the associated graded algebra of inverse polynomials: by which we
just mean a second polynomial algebra in the formal variables z−11 , . . . , z−1n which have been assigned the degree−1.
Our primary interest in the algebra of inverse polynomials is that it becomes a module over F[z1, . . . , zn] as follows.
Denote by {zE = ze11 · · · zenn | E = (e1, . . . , en) ∈ Nn0} the monomial basis for F[z1, . . . , zn] associated to the
vector space basis z1, . . . , zn ∈ V ∗. Then the set of inverse monomials {z−F = z− f11 · · · z− fnn | F = ( f1, . . . , fn) ∈
Nn0} is a dual basis for F[z−11 , . . . , z−1n ] in the sense that the pairing
〈|〉 : F[z1, . . . , zn] × F[z−11 , . . . , z−1n ] −→ F
defined by requiring
〈zE | z−F 〉 = δE,F
for the monomial basis elements is nonsingular. More generally we define
zE ∩ z−F =
{
z−(F−E) provided F − E ∈ Nn0
0 otherwise.
The ∩-operation extends bilinearly to associate to a polynomial f ∈ F[z1, . . . , zn] and an inverse polynomial
γ ∈ F[z−11 , . . . , z−1n ] an element f ∩γ of the inverse polynomial algebra F[z−11 , . . . , z−1n ]. It is also called a stripping
operation or contraction pairing. By means of ∩ the algebra of inverse polynomials F[z−11 , . . . , z−1n ] becomes a
module over the polynomial algebra F[z1, . . . , zn].
To each nonzero element γ ∈ F[z−11 , . . . , z−1n ] we associate an ideal I (γ ) ⊂ F[z1, . . . , zn] by requiring
I (γ ) = { f ∈ F[z1, . . . , zn] | 〈γ | f h〉 = 0 ∀h ∈ F[z1, . . . , zn]}
= AnnF[z1,...,zn ](M(γ )) = { f ∈ F[z1, . . . , zn] | f ∩ γ = 0},
where M(γ ) = F[z1, . . . , zn] · γ denotes the cyclic submodule of F[z−11 , . . . , z−1n ] generated by γ . The ideal I (γ )
depends only on γ up to a nonzero scalar multiple. We refer to γ as a Macaulay inverse for I (γ ) and denote it by
I (γ )−1. The cyclic submodule M(γ ) of F[z−11 , . . . , z−1n ] is exactly the annihilator in the inverse polynomial algebra
of the ideal I (γ ), viz., M(γ ) = AnnF[z−11 ,...,z−1n ](I (γ )). These duality relations lead to Macaulay’s Double Duality
Theorem (see e.g., [6] Theorems II.3.2 and VI.1.1)
Theorem 1.1 (F.S. Macaulay). There is a bijective correspondence between the nonzero cyclic submodules of
F[z−11 , . . . , z−1n ] and the proper, irreducible ideals of the polynomial algebra F[z1, . . . , zn] which are primary for
the maximal ideal m = (z1, . . . , zn). The correspondence associates to a cyclic submodule M ⊂ F[z−11 , . . . , z−1n ]
its annihilator ideal AnnF[z1,...,zn ](M) in F[z1, . . . , zn], and the inverse correspondence associates to a proper,
irreducible, m-primary ideal I of F[z1, . . . , zn] the F[z1, . . . , zn]-submodule AnnF[z−11 ,...,z−1n ](I ) of F[z
−1
1 , . . . , z
−1
n ]
of inverse polynomials annihilated by I . 
1 We adhere to the conventions of J.C. Moore as far as graded objects go. This means only homogeneous elements are considered unless explicitly
stated otherwise.
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If the ideal I ⊂ F[z1, . . . , zn] is proper, irreducible, and primary for the maximal ideal then a generator of
the module AnnF[z−11 ,...,z−1n ](I ) is called a Macaulay inverse for I and will be denoted by θI . The submodule
AnnF[z−11 ,...,z−1n ](I ) ⊂ F[z
−1
1 , . . . , z
−1
n ] is called the inverse system of I and is denoted by I−1.
What is the advantage gained by describing a proper, irreducible, m-primary ideal I of F[z1, . . . , zn] by means of
its Macaulay inverse θI ? The quotient F[z1, . . . , zn]/I is a Poincare´ duality algebra (see e.g., [6] Proposition I.1.5)
whose formal dimension is − deg(θI ) and from θI one can obtain all the possible monomial representatives of a
fundamental class for it. A knowledge of the monomials representing a fundamental class provides a large amount
of information about the structure of the Poincare´ duality algebra. To obtain this list of monomials directly from I ,
which has at least n generators as an ideal, is in most cases considerably more difficult. Moreover, the criterion that
f ∈ I if and only if f ∩ θI = 0 can be used to check ideal membership, and can be more efficacious than a Gro¨bner
basis calculation (see e.g., [9] for an example of how this works in practice).
Remark. If the ground field F is a Galois field Fq then the Steenrod algebra P∗ acts on both Fq [z1, . . . , zn] and
Fq [z−11 , . . . , z−1n ]. If the proper, irreducible m-primary ideal I ⊂ Fq [z1, . . . , zn] is P∗-invariant then the quotient
algebra Fq [z1, . . . , zn]/I is an unstableP∗-algebra. Its Wu classes are trivial precisely when the Macaulay inverse
θI is annihilated by all Steenrod operations of positive degree (see [6] Theorem III.4.1). This fact is used in [6] Parts
V and VI to search for a solution to the Hit problem. (For a discussion of the Hit Problem see also [12].)
How do we find representatives for a fundamental class of F[z1, . . . , zn]/I given that we know θI ∈
F[z−11 , . . . , z−1n ]? Set I (θI ) = { f ∈ F[V ] | f ∩ θI = 0}. From the definition of the ∩-product we see that every
polynomial f ∈ F[V ] whose degree is strictly larger than d, where −d = deg(θI ), must belong to I (θI ). Moreover
if deg( f ) = − deg(θI ) then f 6∈ I (θI ) if and only if 〈 f | θI 〉 6= 0. Since F[V ]/I in degree d = − deg(θ) is
one-dimensional, any element not in I of this degree represents a fundamental class. From this it follows that the
monomials zD of degree d that represent a fundamental class for F[V ]/I are precisely those for which 〈zD | θI 〉 6= 0.
Considering the nature of the contraction pairing this means that a monomial zD of degree d represents a fundamental
class for F[V ]/I if and only if the inverse monomial z−D occurs with a nonzero coefficient in the expression for θI as
a sum of inverse monomials. We summarize these facts for future reference.
Lemma 1.2. Let I ⊂ F[V ] be a proper, irreducible ideal that is primary for the maximal ideal m = (z1, . . . , zn) and
θI ∈ F[z−11 , . . . , z−1n ] a Macaulay inverse for I . Set d = − deg(θI ). Then
(i) F[V ]/I is a Poincare´ duality algebra of formal dimension d and
(ii) f ∈ F[z1, . . . , zn]d represents a fundamental class if and only if 〈 f | θI 〉 6= 0. 
As an example let us look at an irreducible m-primary monomial ideal I in F[z1, . . . , zn]. For such an ideal
Theorem II.3.2 of [6] computes a Macaulay inverse of I as follows. Let
F(I ) = {F ∈ Nn0 | zF 6∈ I }.
Then I−1 = SpanF{z−F | F ∈ F(I )}, and there is a unique maximal element D ∈ F(I ), and θI = z−D . In particular
zD is the only monomial representing a fundamental class of F[z1, . . . , zn]/I . As a special case we have the following
simple result.
Proposition 1.3. Let I = (za11 , . . . , zann ) ⊂ F[z1, . . . , zn], where a1, . . . , an ∈ N. Then a Macaulay inverse for I is
θI = z−(a1−1)1 · · · z−(an−1)n . The monomial za1−11 · · · zan−1n is the unique monomial representative of a fundamental
class for F[z1, . . . , zn]/I .
Proof. The ideal I is an irreducible m-primary monomial ideal and
F(I ) = {(b1, . . . , bn) ∈ Nn0 | 0 ≤ bi ≤ ai for i = 1, . . . , n}.
The unique maximal element of this set is clearly (a1 − 1, . . . , an − 1). 
The relation between a Macaulay dual of a proper, irreducible m-primary ideal and one of its proper irreducible
over ideals is provided by Theorem II.6.1 of [6]. To formulate this result we recall (see e.g., [6] Section I.2) that for a
proper irreducible m-primary ideal K ⊂ F[z1, . . . , zn] and a proper irreducible over ideal L ⊃ K of K that the ideal
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quotient (K : L) is principal over K , i.e., there is an element h ∈ F[z1, . . . , zn] such that (K : L) = (h)+ K . Such an
element h is called a transition element for L over K . Moreover K = (L : h). The degree of a transition element may
be computed from the formal dimensions of the Poincare´ duality algebras F[z1, . . . , zn]/K and F[z1, . . . , zn]/L , viz.,
deg(h) = f-dim(F[z1, . . . , zn]/K )− f-dim(F[z1, . . . , zn]/L).
All these results are attributed by W. Gro¨bner and W. Krull to Emmy Noether for general Noetherean rings and are
discussed in [6] Part I. In the special case of polynomial algebras some of them appear in [5] Section 73 in very
different language.
Theorem 1.4 (D.M. Meyer and L. Smith). Let K ⊂ L ⊂ F[z1, . . . , zn] be proper, (z1, . . . , zn)-primary irreducible
ideals. Suppose that h ∈ F[z1, . . . , zn] is a transition element for L over K . If θK is a Macaulay inverse for K then
h ∩ θK is a Macaulay inverse for L. 
This theorem is particularly effective in the case where the Macaulay inverse θK of the ideal K has a simple form.
Such is the case for ideals considered in Proposition 1.3. For example, if K ⊂ L are ideals in F[z1, . . . , zn] which are
proper, irreducible, primary for the maximal ideal and generated by systems of parameters. Say K = (h1, . . . , hn),
L = ( f1, . . . , fn). Then it is possible to find elements ai, j ∈ F[z1, . . . , zn], i, j = 1, . . . , n, such thath1...
hn
 =
a1,1 · · · a1,n... . . . ...
an,1 · · · an,n

 f1...
fn
 .
The matrix ALK =
[
ai, j
]
i, j,=1,...,n is called a transition matrix for L over K : its determinant is a transition element
for L over K (see [6] Theorem VI.3.1). We record this for future use.
Proposition 1.5. Let K ⊆ L be ideals in F[z1, . . . , zn] such that K = (u1, . . . , un) and L = (w1, . . . , wn) where
u1, . . . , un and w1, . . . , wn are regular sequences. Writeu1...
un
 =
a1,1 · · · a1,n... . . . ...
an,1 · · · an,n
 ·
w1...
wn

where
[
ai, j
] = ALK is an n × n matrix of forms. Then (K : L) = (det(ALK ))+ K and L = (K : det(ALK )). If θK
is a Macaulay inverse for K then det(ALK ) ∩ θK is a Macaulay inverse for L. 
2. Some Macaulay inverses
In this section we compute Macaulay inverses for the Hilbert ideal of the full general linear group of a finite field
and its unipotent subgroup.
The Dickson ideal is the Hilbert ideal2of the full general linear group GL(n,Fq) where Fq is the Galois field with
q elements, q = pν and p ∈ N a prime. This is the ideal of Fq [z1, . . . , zn] generated by the Dickson polynomials
dn,0, . . . ,dn,n−1, whose indexing has been chosen so that deg(dn,i ) = qn − q i (see e.g. [8] Section 8.1). Recall that
dn,0 = Lq−1n where Ln is the Dickson–Euler class, viz., it is the product of one nonzero linear form from every line in
V ∗. The following alternative description of Ln is well known.
Lemma 2.1. The Dickson–Euler class Ln is up to a nonzero scalar multiple the determinant of the following matrix:
z1 z
q
1 · · · zq
n−1
1
z2 z
q
2 · · · zq
n−1
2
...
. . .
...
zn z
q
n · · · zq
n−1
n
 . 
2 If ρ : G ↪→ GL(n,F) is a representation of a finite group over the field F and V = Fn . The ideal generated by the G-invariant forms of strictly
positive degree is called the Hilbert ideal ofρ (or G if ρ is clear from context) and denoted by h(G) ⊂ F[V ].
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To make use of Theorem 1.4 to compute a Macaulay inverse of the Dickson ideal we first compute a transition
element for it over a particularly simple monomial ideal.
Proposition 2.2. Let q = pν be a power of the prime p ∈ N and define the ideals in Fq [z1, . . . , zn]
K = (zqn1 , . . . , zq
n
n )
L = (dn,0, . . . ,dn,n−1).
Then K ⊆ L and (K : L) = (Ln)+ K.
Proof. Set V = Fnq . By the Stong–Tamagawa Formula (cf. [8] Section 8.1) we have
φ(X) =
∏
z∈V ∗
(z + X) =
n∑
i=0
dn,i Xq
i
,
with the convention that dn,n = 1. Then for every z ∈ V ∗ we have (z + X) divides φ(X), in other words φ(−z) = 0
for all z ∈ V ∗. This means
dn,0z + dn,1zq + · · · + dn,n−1zqn−1 + zqn = 0
for any linear form z ∈ V ∗. In particular this holds for the basis elements z1, . . . , zn ∈ V ∗, so we obtain the n
equations
−zqni = dn,0zi + dn,1zqi + · · · + dn,n−1zq
n−1
i i = 1, . . . , n,
which show that zq
n
i ∈ (dn,0, . . . ,dn,n−1) = h(GL(n,Fq)), and therefore K ⊆ L . The system of equations may be
rewritten as a single matrix equation:
−

zq
n
1
zq
n
2
...
zq
n
n
 =

z1 z
q
1 · · · zq
n−1
1
z2 z
q
2 · · · zq
n−1
2
...
. . .
...
zn z
q
n · · · zq
n−1
n


dn,0
dn,1
...
dn,n−1
 .
By Lemma 2.1 the determinant of the coefficient matrix of this linear system is Ln . So by Cramer’s rule3
−Ln

dn,0
dn,1
...
dn,n−1
 =

z1 z2 · · · zn
zq1 z
q
2 · · · zqn
...
. . .
...
zq
n−1
1 z
qn−1
2 · · · zq
n−1
n

cof
zq
n
1
zq
n
2
...
zq
n
n
 ,
which says that Ln ∈ (K : L).
The degree of a transition element h of L = h(GL(n,Fq)) over K = (zq
n
1 , . . . , z
qn
n ) is
f-dim(Fq [z1, . . . , zn]/K )− f-dim(Fq [z1, . . . , zn]/L) = n(qn − 1)−
n−1∑
i=0
(qn − q i − 1)
=
n−1∑
i=0
(qn − qn + q i + 1− 1) =
n−1∑
i=0
q i = deg(Ln).
Furthermore Ln 6∈ K = (zq
n
1 , . . . , z
qn
n ), since the maximal power to which zi occurs in a monomial in Ln is qn−1.
Since Ln ∈ (K : L) = (h)+ K it therefore follows that Ln is a nonzero multiple of h. 
3 Multiply both sides of the matrix equation by the matrix of transposed cofactors.
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From Lemma 2.1 we obtain from the Leibniz rule that
Ln =
∑
σ∈Σn
sgn(σ )zq
n−1
σ(1) · · · zqσ(n−1)zσ(n)
or what is the same thing, permute the exponents instead of the indices, i.e., let Σn act on the set {q0, q1, . . . , qn−1}
by permutation of the n elements,
Ln =
∑
σ∈Σn
sgn(σ )zσ(q
n−1)
1 · · · zσ(q
1)
n−1 z
σ(q0)
n .
By Proposition 1.3 the monomial z−(q
n−1)
1 · · · z−(q
n−1)
n−1 z
−(qn−1)
n is a Macaulay inverse for the ideal K =
(zq
n
1 , . . . , z
qn
n ). From Theorem 1.4 it therefore follows that a Macaulay inverse θh(GL(n,Fq )) for the Dickson ideal
is given by
θh(GL(n,Fq )) = Ln ∩ z−(q
n−1)
1 · · · z−(q
n−1)
n−1 z
−(qn−1)
n
=
(∑
σ∈Σn
sgn(σ )zσ(q
n−1)
1 · · · zσ(q
1)
n−1 z
σ(q0)
n
)
∩ z−(qn−1)1 · · · z−(q
n−1)
n−1 z
−(qn−1)
n
=
∑
σ∈Σn
sgn(σ )zσ(−(q
n−qn−1−1))
1 · · · zσ(−(q
n−q1−1))
n−1 z
σ(−(qn−q0−1))
n
=
∑
σ∈Σn
sgn(σ )zσ(−(deg(dn,n−1)−1))1 · · · zσ(−(deg(dn,1)−1))n−1 zσ(−(deg(dn,0)−1))n .
Thus we have proven the following theorem.
Theorem 2.3. Let Fq be the Galois field with q = pν elements, p ∈ N a prime. A generator of the inverse system
h(GL(n,Fq))−1 ⊂ Fq [z−11 , . . . , z−1n ] of the Dickson ideal h(GL(n,Fq)) = (dn,0, . . . ,dn,n−1) is the Macaulay
inverse
θh(GL(n,Fq )) =
∑
σ∈Σn
sgn(σ )zσ(−(deg(dn,n−1)−1))1 · · · zσ(−(deg(dn,1)−1))n−1 zσ(−(deg(dn,0)−1))n . 
With the aid of this theorem and the discussion of fundamental classes in Section 1 we are able to give a
complete list of forms representing a fundamental class of the Dickson coinvariants Fq [V ]GL(n,Fq ), where V = Fnq .
The only forms one needs to consider are those of degree f-dim(Fq [V ]GL(n,Fq )) =
∑n−1
i=0 (deg(dn,i − 1)). Since
the cap product of θh(GL(n,Fq )) with a monomial whose exponent sequence is not a permutation of the n-tuple
(deg(dn,0), . . . , deg(dn,n−1)) is zero, we may restrict ourselves to forms which are sums of monomials whose
exponent sequence is a permutation of this n-tuple. In this way we obtain the following corollary to Theorem 2.3.
Corollary 2.4. Let Fq be the Galois field with q = pν elements where p ∈ N is a prime and V = Fnq .
As representatives for the fundamental class of the Dickson coinvariants Fq [V ]GL(n,Fq ) one has the following
descriptions: Let S ⊂ Σn be a subset. Then the form∑
σ∈S
sgn(σ )zσ(deg(dn,n−1)−1)1 · · · zσ(deg(dn,1)−1)n−1 zσ(deg(dn,0)−1)n
represents a fundamental class of Fq [V ]GL(n,Fq ) provided p 6 | |S|. If
αS = |{σ ∈ Σn | sgn(σ ) = 1}| − |{σ ∈ Σn | sgn(σ ) = −1}| 6≡ 0mod p
then the form∑
σ∈S
zσ(deg(dn,n−1)−1)1 · · · zσ(deg(dn,1)−1)n−1 zσ(deg(dn,0)−1)n
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also represents a fundamental class. In general, the form∑
σ∈S
λσ z
σ(deg(dn,n−1)−1)
1 · · · zσ(deg(dn,1)−1)n−1 zσ(deg(dn,0)−1)n ,
where λσ ∈ Fq for σ ∈ S, represents a fundamental class if and only if∑
σ∈S
sgn(σ )λσ 6≡ 0mod p. 
Remark. From this corollary one obtains a list of all monomials that can serve as fundamental class for Fq [V ]GL(n,Fq ),
for example
zq
n−qn−1−1
1 · · · zq
n−q−1
n−1 z
qn−2
n
is one such. The monomials
{zλ11 · · · zλnn | 0 ≤ λi ≤ qn − qn−i − 1, i = 1, . . . , n}
regarded as elements of Fq [V ]GL(n,Fq ) are linearly independent over Fq , and a count of their number shows that they
must be a basis. Hence as Fq -vector spaces we have an isomorphism
Fq [z1, . . . , zn]GL(n,Fq ) ∼= Fq [z1, . . . , zn]/(zq
n−qn−1
1 , . . . , z
qn−q
n−1 z
qn−1
n ).
This is confirmned by [1] Theorem 3.2.
One further interesting observation can be made.
Corollary 2.5. Let Fq be the Galois field with q = pν elements, p ∈ N a prime. Then the smallest power k such that
zki ∈ (dn,0, . . . ,dn,n−1) = h(GL(n,Fq))
is k = qn − 1.
Proof. Recall from the proof of Proposition 2.2 that
−zqni = dn,0zi + dn,1zqi + · · · + dn,n−1zq
n−1
i i = 1, . . . , n,
so dividing both sides by zi shows that
zq
n−1
i ∈ (dn,0, . . . ,dn,n−1) = h(GL(n,Fq)).
From the preceding remark we know that the monomial
zq
n−qn−1−1
1 · · · zq
n−q−1
n−1 z
qn−2
n = (zq
n−qn−1−1
1 · · · zq
n−q−1
n−1 ) · zq
n−2
n
is a fundamental class for Fq [z1, . . . , zn]GL(n,Fq ). This equation says that the two elements zq
n−qn−1−1
1 · · · zq
n−q−1
n−1
and zq
n−2
n are Poincare´ dual in the algebra of coinvariants F[z1, . . . , zn]GL(n,Fq ) and that neither is zero. In particular
zq
n−2
n 6∈ h(GL(n,Fq)). Consideration of symmetry completes the proof. 
Let us turn to the determination of a Macaulay inverse for the ideals of the unipotent subgroup Uni(n,Fq) of
GL(n,Fq). For definiteness we suppose that the action of Uni(n,Fq) on V ∗ preserves the complete flag
{0} ⊂ SpanFq {zn} ⊂ SpanFq {zn−1, zn} ⊂ · · · ⊂ SpanFq {z1, . . . , zn} = V ∗.
The invariants of this group are computed in [8] Section 8.3. One has
Fq [z1, . . . , zn]Uni(n,Fq ) = Fq [hn,0, . . . ,hn,n−1]
where hn,n−i is the top orbit Chern class of the Uni(n,Fq)-orbit of zi . Specifically, for i = 1, . . . , n,
hn,n−i =
∏
z∈[zi ]
z =

∏
bi+1,...,bn∈Fq
(zi + bi+1zi+1 + · · · + bnzn) i < n
zn i = n.
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(Here deg(hn,n−i ) = qn−i so hn,0 is the invariant of minimal degree and hn,n−1 the invariant of maximal degree.)
From this one sees that
hn,n−i ≡ zq
n−i
i mod(hn,n−(i+1), . . . ,hn,0)
for i = 1, . . . , n, so that
h(Uni(n,Fq)) = (hn,n−1, . . . ,hn,0) = (zq
n−1
1 , z
qn−2
2 , . . . , z
qn−(n−1)
n−1 , zn).
In other words, the ideal h(Uni(n,Fq)) is a monomial ideal. From Proposition 1.3 we therefore have the following
result.
Proposition 2.6. Let Fq be the Galois field with q = pν elements, where p ∈ N is a prime. A Macaulay inverse for
the Hilbert ideal h(Uni(n,Fq)) of the unipotent group is the inverse monomial z
−(qn−1−1)
1 · · · z−(q−1)n−1 . 
Remark. It follows from Nakajima’s characterization of unipotent groups with polynomial invariants over the prime
Galois field Fp in [7] that the Hilbert ideal of such a group is always a monomial ideal. AMacaulay inverse is therefore
always an inverse monomial whose exponent sequence can be read off the orbit sizes of the group acting on the basis
elements of a complete flag it preserves.
In a similar manner one obtains the following formula for a Macaulay dual of the ideal generated by the elementary
symmetric polynomials which has already been applied in [9].
Proposition 2.7. Let F be a field. A Macaulay inverse ∇n ∈ F[z−11 , . . . , z−1n ] for the ideal (e1, . . . , en) ⊂
F[z1, . . . , zn] generated by the elementary symmetric polynomials is the inverse discriminant ∇n =∑
σ∈Σn sgn(σ )z
0
σ(1)z
−1
σ(2) · · · z−(n−1)σ (n) ∈ F[z−11 , . . . , z−1n ]. 
Considerably more computations are available in [2], in particular for Macaulay duals of ideals arising as Frobenius
powers of those discussed here.
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